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1.  Differential equations are equations that relate an unknown function to one or more of its 
derivatives. The process of solving differential equations is to find the unknown function that, 
when differentiated and substituted into the equation, results in an identity. 
 
2.  Differential equations in science and engineering often come from the application of a 
balance law to the system of interest.  A balance law states (in shorthand) that 
 "Accumulation = in - out + production"  
We gave many examples of how balance laws result in first order differential equations, 
including ‘tank’ problems, rigid body mechanics, and population dynamics.  The resulting ODE's 
are all of the form  
  dy/dt  =   f(t,y),   with an initial condition,      y(0) = yo 
Such a problem is known as an initial value problem for the unknown y(t). 

 
3.  Classification of differential equations is very important, as it gives a way to organize the 
subject and give solution techniques for different classes of differential equations.  You must be 
able to classify differential equations. The main classifications are: 
order 
partial vs. ordinary 
linear vs. nonlinear 
homogeneous vs. nonhomogeneous 
autonomous vs non-autonomous 
constant coefficient vs. variable coefficient 
 
4.  The importance of linearity. A linear differential equation can be written in operator notation 
as L[y] = g(t), where L is a linear differential operator and g(t) represents the non-homogeneous 
terms.  For first order equations, the general form is L[•]  = d(•)/dt + a(t) (•): for second order 
equations, it is L[•]  = d2(•)/dt2 + p(t) d(•)/dt + q(t) (•).  The most importance consequence of 
linearity is that we can always decompose the solution into that for the homogenous equation and 
a particular solution, i.e.  y(t) = yH(t) + yP(t).   
 
5.  First order ODE's.  Such equations have analytical solutions if they are of one of three types:  
linear, separable, or autonomous (with autonomous being a subset of separable – all autonomous 
first order odes are separable).  You should know how to solve these three kinds of ODEs.  In 
particular, you should know how to solve variable coefficient, nonhomogeneous first order 
equations by the method of integrating factors. 
 
6. Population dynamics.  We studied some models of the general form dy/dt = f(y), where f(y) is 
in general a nonlinear function of y.  Such problems can be solved by separation of variables, 
which results in an implicit solution (t as a function of y instead of y as a function of t).  We 
studied Malthusian growth, the logistic equation, and growth with a threshold.  We also studied 
the qualitative theory, which consists of finding the steady states and by plotting dy/dt vs. y, 
determing whether they are stable or unstable.  
 
7.  Second order differential equations are classified in the same way as first order equations, i.e. 
linear vs. nonlinear:   
homogeneous vs. nonhomogeneous:   
autonomous vs non-autonomous: 
constant coefficient vs. variable coefficient 
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8.  Basic results for linear second order ODEs.  The most general form of a linear second order 
equations is: 

 y''  + p(t) y' + q(t) y = g(t).   
(If g= 0, the equation is homogeneous. If p and q are constant, it is constant coefficient.) 
As with all linear equations, the general solution can be written as the sum of the homogeneous 
solution and a particular solution, i.e.  
   y(t) = yH(t) + yP(t)  
 
9. Fundamental solutions.  The general theory of such equations indicates that under mild 
assumptions about p(t) and q(t), there exist two linearly independent solutions to the 
homogeneous equation.  These are called the fundamental solutions and are denoted as y1(t) and 
y2(t).  Since they are linearly independent, their Wronskian is non-zero.  The homogeneous 
solution is simply  

yH(t) = c1 y1(t)  + c2 y2(t), 
and the solution to the homogeneous problem is unique.  The fundamental solutions may be 
obtained simply if the equation has constant coefficients. In that case, they are of the form  
exp{r t}, where r is a root of the characteristic equation.   There is a special case for a repeated 
root, where y2(t) = t exp(r t).  We have not studied how to find fundamental solutions of variable 
coefficient, linear second order ODEs. 
 
10.  Particular solutions. The particular solution can be obtained by one of four methods. 
 Direct integration  

Guess (by inspection) 
Method of undetermined coefficients (guess the functional form and find the  

coefficients that solve the nonhomogeneous equation) 
 Method of Variation of Parameters (works every time) 
You should know how to apply these methods, especially the last two.   
 
11.  A summary of the steps to solve a linear second order ODE are: 
(i) Find the two fundamental solutions (easy for constant coefficients, not so easy otherwise) 
(ii)  Find the particular solution (easy for constant coefficients and certain types of g(t): use 

Variation of Parameters otherwise) 
(iii) Use the Superposition Principle to find the general solution, i.e.  

y(t) = c1 y1(t)  + c2 y2(t) + yP(t). 
(iv)  Apply initial or boundary conditions to find the constants. 
 
  


