
Math 256 Example problems Midterm #1 
Sample	  Open	  Book	  Problems	  

_____________________________________________________________________ 
Note	  –	  previous	  year’s	  midterms	  had	  one	  more	  problem,	  but	  it	  was	  on	  

material	  we	  haven’t	  covered	  yet.	  	  I’ve	  eliminated	  them	  from	  this	  handout.	  
	  

Problems	  from	  2012	  Midterm	  
	  

Prob. 2.  (12 pts.)   Consider the second order differential equation, 
 

t2 d2y/dt2  + 4 t dy/dt  - 4 y  =  t2. 
 

(i) Verify that the two fundamental solutions of this ODE are t-4 and t1. 
 
 
(ii) Show that the two fundamental solutions are linearly independent. 
 
  
(iii) Find the particular solution, yP, by the Method of Variation of Parameters.  Show all 
your work.  
 
 
Prob. 3.  (10 pts.)   
The bunny population in a closed rabbit warren satisfies the equation 
   dn/dt =  n4,    
where n is the number of bunnies at any given time.   
(a)  Integrate this equation subject to the initial condition that n (0) = 1 and show that this 
will lead to unlimited growth of the bunny population at long times.   
 
 
(b) As you might imagine, it won’t take long for conditions in the warren to become 
intolerable, and bunnies will start to emigrate by burrowing under the fence.  Since the 
emigration occurs at the boundaries, a plausible model that includes emigration is 
 

dn/dt =  n4 – 4n2. 
 
Sketch the ‘phase line’ of this equation by plotting dn/dt vs. n.  Note that n = 2 is a 
possible steady state for the population.  Will emigration stabilize the population?  Sketch 
the qualitative nature of the solution to find out if this equilibrium is stable or unstable.   
Your answer should consist of both a sketch and an explanation.  
 
 
Prob. 4. (5 pts.) 
Solve the following initial value problem: 
 
dy/dt + t y = t5;      y(0) = 1 
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_____________________________________________________________________ 
 

Problems from 2011 Midterm 
 
Prob. 2  (20 pts.)   Consider the second order differential equation, 
 

t2 d2y/dt2  + t dy/dt  - 4 y  =  t3. 
 
(i)  Fundamental solutions of this ODE are of the form tn.  Find the values of n for this 
problem, i.e. find the two fundamental solutions, (solutions to the homogeneous equation).  
Hint: once you find n, it might be a good idea to check your answers by verifying that 
you have a solution.  
 
(ii)  Show that the two fundamental solutions are linearly independent. 
 
(iii)  Find the particular solution, yP, by the Method of Undetermined Coefficients. Hint: 
Notice what happens to each term involving y, y’, y’’ if a power of t, e.g. tm, is chosen for 
yP. 
 
(iv) Find the particular solution, yP, by the Method of Variation of Parameters.  Be sure to 
start with the equation in standard form, i.e.  
 

d2y/dt2  + t-1 dy/dt  - 4 t-2 y  =  t. 
 
Prob. 3.  (10 pts.)  Consider the concentration c(t) in a tank when the flow rate and 
volume are taken to be unity (in a certain set of units), and the inlet concentration is given 
by cin = 2 + sin(t).   We are interested in whether the tank can act as a damper, resulting in 
an outlet concentration that has a smaller amplitude variation than the inlet concentration. 
 
The ODE describing this situation is 
 
 dc/dt  =  (2 + sin(t))  - c(t). 
 
(i)  Solve for c(t) and determine how the solution behaves at long time.   
 

Helpful formula:  ∫ e 
at

 sin(t) dt =  e 
at

 (a cos(t) + sin(t))  

     (1 + a
2
) 

(ii) Answer the question posed above.  The oscillating part of the inlet concentration has 
amplitude = 1.  What is the amplitude of the oscillating part of the outlet concentration 
and does the tank act to damp the oscillations in the inlet concentration? Explain your 
answer. 
 
 
 
 
 


